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Abstract

In this paper, a distributed estimation algorithm using Bayesian-based forward backward (FB)
Kalman filter (KF) is proposed for stochastic singular linear systems. The method incorporates
generalized versions of KF for bounded cases with complete and incomplete prior information, fol-
lowed by estimation fusion of these cases. The incorporated filters remain optimal given the cross-

covariance of the local estimates. The proposed approach is validated on a coupled tank system.

Keywords: a-priori information, Bayesian, distributed estimation, Kalman filtering, coupled tank

system, stochastic singular linear system.

I. INTRODUCTION

STIMATION is one of the precise solution in providing a strict surveillance system for an
E appropriate supervision. One of the methods to achieve such sort of estimation often re-
quires a group of distributed sensors which provide information of the local targets. The classic
work of Rao and Durrant-Whyte [1] presents an approach to decentralized Kalman filtering which
accomplishes globally optimal performance in the case where all sensors can communicate with all

other sensors. Other estimation methods can be a sensor-less approach [2,3], or a derivative-free fil-
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tering estimation [4], a least-squares-Kalman technique [5], a robot-based autonomous estimation
and detection [6], H . filtering-based estimation made for stochastic incomplete measurements [7],
sequential Bayesian learning based dual estimation method [8], process noise identification-based
particle filter estimation [9], a non-linear operator based estimation [10, 11], quantized measure-
ments-based state estimation [12], FB-KF based estimation in fault diagnosis scheme [13], state
estimation for static networks using weighted filters [14] etc.

One of the methods to achieve such sort of estimation often requires a group of distributed
sensors which provide information of the local targets. This kind of multi-target tracking architec-
ture can be applied to large flexible and smart structures such as condition and health monitoring
of aircrafts, industrial plants, and electrical infrastructures [15]. The problem of such an archi-
tecture utilizing information from multiple sensors employed has been in focus since last many
years [16, 17]. While achieving this approach, many fusion algorithms and filters were derived to
combine local estimates local estimates [18-20] to prove better efficiency and effectiveness. An
obvious drawback to the multiple sensor-based information approaches is that the errors generated
from observations of different sensors have to be uncorrelated. This is due to the reason that the
errors generated by the local sensors are dependent upon a common information to be estimated.
Also, the dynamical model of the local sensors have to be identical [21]. It has been realized for
many years following the original work of [16,22] that the local estimates have correlated errors.
These errors become complicated when the prior information given to the local sensors have miss-
ing or incomplete information.

In this paper, an approximate distributed estimation is derived for different prior cases [23]
with the help of Bayesian-based FB KF. The estimation is formulated based on a stochastic singu-
lar linear system. To reduce the time complexity, upper bound (ub) and lower bound (Ib) methods

are developed on the cases of prior knowledge for time complexity reduction. After estimation, a



data fusion technique is used to encapsulate the system in a distributed structure. The proposed
scheme is then validated on a bench-marked laboratory scaled coupled tank system, where leakage
fault is introduced along with different profile data for the evaluation of the proposed scheme. An
overview of the scheme validated on the coupled tank system is illustrated in Fig. 1. The proposed
recursive scheme can adaptively estimate the parameters when the measurements are subjected to
leakage fault and loss in prior information in the system. This is achieved by feeding signal estima-
tions from each metering location. The error covariance matrix P, and state estimate ak| . from
each state are used as a feedback to all metering locations with a package containing the updated
covariance matrix and state estimate values. This provides a novel and convenient way to enhance
the modal estimations at locations that are isolated by noise and system perturbations. The updated
covariance and state estimate are then computed using a distributed filtering architecture, followed
by controller gain K to control the performance profile of the system.

The rest of this paper is written as follows. Problem formulation is described in Section II.
The Bayesian-based FB KF with complete prior information is derived and discussed in Section
I11, followed by derivation of Bayesian-based FB KF with incomplete prior information in Section
IV. Evaluation and testing are outlined in Section V. Finally conclusions are drawn in Section VI.
Notations: In this paper, a widehat over a variable indicates an estimate of the variable e.g. & is an
estimate of o. The ~ over a variable indicates an optimal value of the variable e.g. K isan optimal
gain of K. The overline over a variable indicates the upper-bound value of the variable e.g. ?klk
is the upper-bound of Py;.. The underline under a variable indicates the lower-bound value of the
variable e.g. Qe is the lower-bound of ay;. When any of these variables becomes a function of

time, the time index k appears as a subscript (e.g. we write oy, C, Ti).
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Fig. 1. Proposed distributed estimation scheme
II. PROBLEM FORMULATION

Consider a stochastic singular linear system with multiple sensors representing a coupled tank
system. The aim is to estimate fault oy, using the measurement equation, given by the following

discrete-time model for an i-th sensor at time instant k:

MOék+1 :q)Oék—Fka,kIO,l...,K (1)

L =Chap+vp,i=1,2, .., 1 (2)

where the state o, € R” represent the state (leakage profile, a type of fault), ® € R™*" is a modal
matrix of the response, such that it depends on covariates, w! € R" is the local stochastic process
with zero-mean white Gaussian noise at i-th sensor, such that E[wy| = 0, where i = 1,2,..., [,
[ is the number of sensors. M and I" are the constant matrices with compatible dimensions, Y}

€ R™, represent the local measurement observation output of the i-th sensor e.g. the hydraulic
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height profile, v, € R™, represent the local measurement noise, superscript m; is the number of
local simultaneous observations made by i-th sensor at time instant k, C}, € R™*" represents the
local observation matrix perturbed by the fault which is to be estimated. It is assumed that wy,
V), are zero mean mutually uncorrelated white noises with E [w!, wi | = Q0% and E [} 1. ] =
Q,0:, where E denotes the mathematical expectation, )., and @, are constant symmetric positive
semi-definite matrices, d;, is the Kronecker delta used for shifting integer variable for the presence
or absence of noise accordingly. The superscript 7' stands for the transpose. Observations from
all [ number of sensors in the network are integrated synthetically to the master observation output
model Y ppaseer e € RP™ e, subscript master, k represents the global observations gathered from the
local i-th sensors at time instant k, superscript pmaser 1S the master observation output collected
from number of local i-th sensors. Suppose the master observation matrix, Crnaseer, € RP™*" and
the master observation noise vector, Umaster,y € RP™*" be:
Th C} o
Tmasterk = s Cmasterk = » Umastery, — 3)
T} Cy Uk

where [ is the number of sensors. Then the master observation model at % instance is given by:

Tmaster,k - C’master,kOék + Umaster, k » (4)

where T aser i 18 the master observation output vector, Chaseer 1S the master observation matrix,
oy, 1s the state matrix, and Um,ger x 1S the master observation noise vector. From equation (1) and
(2), it is assumed that the pair (¢, Crasier k) is Observable. In this paper, the following assumptions
are made.

Assumption I1.1: M is a singular square matrix where, rank M = n; < n, rank ® > ny and
n1 + ny = n. The system (1-2) is observable, i.e.,

zM— @ M
rank =n, Vz € C; rank =n (5)
Ck Ok
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where C is the set of complex numbers.

Assumption I1.2: System (1-2) is regular, i.e., det(zM — ®) # 0 where z is an arbitrary com-
plex. It should be noted that the estimation problem is considered under the assumption of regu-
larity [det(zM — ®) # 0] and causality where matrices M and ® are square and singular.

By letting © = inv(M)®, and Gwy, = inv(M)['wy, a time-varying linear dynamic model can

be seen as:

apr1 = Oay + Guy, (6)
Considering a distributed networked control system, in which agents communicate with each other
over a wired communication channel. Let Z,ij € {0,1} be a Bernoulli random variable, such that
Z,ij = 1 if a packet sent by the agent 7 is correctly received by the agent j at time %, otherwise Z,ij
= 0. Since, there is no communication loss within an agent, Z;* = 1 for all ¢ and k. The dynamic

model can then be expressed as:

N
Qe = Y ZOag + Guy, (7)

=1

By letting ©) = (Zf\il 70©)ay, + Guwy, it can be seen that (7) is a time-varying linear dynamic

model:
Ayl = @kOék + ka (8)

Considering a more general case, where the matrix Oy, is time-varying and its values are deter-
mined by Z;. Note Z is a random variable for the non-singular term ® /). Hence, © is a function

of Z;. and this general case can be described as:
A1 = @(Zk)ak + ka (9)

In the following sections, the derivation of KF fusion algorithm with cases of prior information
is presented [24] for an i-th sensor. The Bayesian-based FB KF is expressed as (See Eq. (10—

19)), where the simple Bayesian-based optimal KF is expressed in [25]. It should be noted that
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the derivation of a — priori knowledge proof is inspired by [26], where the estimation fusion is

considered for the BLUE filters only.

Forward Run: For (k=0; k < K; +k)

ip=Ri+CLPl,_,C} (10)
Ky, = BBy, _,Cy (CLPy,_,CL +RL,) (11)
e, = (Th — Chlp1) (12)
e = Aoy + Kiel (13)
Qjy e = Prliyp (14)
P =&,P, T +G.0.GT —K.R KT 15

1k = PuLr1 Py + GrQrGy, kLt Xy, (15)
ﬁziuc = ﬁlﬁ|k—1 - ¢>kf?k0,i]3,i|k_1 (16)

Backward Run: For (k=K —1;t > 0;—k)

Teoaic = Py P i (17)
&Z?HK = al;:71|k71 + kal(a?cfm( - aiq\k) (18)
i = Pimypos + Jer (i = By (19)

For an i-th sensor, Ré, . 1s the local covariance matrix of estimation error ey, P} +1), 18 the local pre-
dicted a-priori estimate covariance matrix, @};‘ . 18 the local updated a — posteriori state estimate,
@Zl 1 18 the local predicted a — priori state estimate, and P,i| . 18 the local updated a — posterior:
estimate covariance, K, is the system gain and Fj, is the state-transition model for each time-step
k. Q. is the process noise correlation factor such that Q; = E[ww}] = éFkF;‘f. o2 is the noise
variance, [’y is the squared matrix for state response. Py, is the state transition model applied to
previous state ;1. The desired estimate is @};‘ ;- Which estimates the state at £ instants of time,
such that time sequence K is known.

It should be noted that a smoother is employed here to reduce the noise effect. The smoother
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allowed more accurate estimation of various prior information versions. This is due to its nature of
choosing the most refined covariance error matrix P,j| 1 for an i-th sensor from the K -th iteration
in the forward run. Subsequently, that A -instant is considered as the first iteration in the backward
run. Note that it is up to the designers to use smoothing equations. For example, Kalman smoother
for online analysis will give estimates only after the end of the experiment. This may not be ac-
ceptable. In the contrary, getting the estimates after the experiment may not matter for off-line

applications.

ITII. BAYESIAN-BASED FB KF FUSION WITH COMPLETE PRIOR INFORMATION

In this section, a generalized version of KF is presented with complete prior information.
Complete prior information means both the prior mean and the prior covariance of the estimate are
known. Consider a generalized distributed networked control system (DNCS) dynamic model (9),
where w;, is a Gaussian noise with zero mean, and the measurement model (20) where YT, € R™.

C), € R™*Nne and v, is a Gaussian noise with zero mean and covariance Q.
Tk = CkOék + v (20)

The following theorem III.1 presents the Bayesian-based FB KF with complete prior informa-
tion:

Theorem I11.1:

Forward Run: For (k= 0; k < K; +k)

Qg = Pray, + Ky i [T), — Chag oy — i) 1)
Qp1p = Polyyp + K (22)
R, = Ri+CiPi,Ci +CiCL, + (CiCL,)" (23)
Ky = (9P, 1,C + GrSp)(CLPiCh + R )™ (24)
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Pl = Ol y@F + GrQiGE — ®prp K RL KT
ﬁém = (I)kpliﬂ\kq){ - ch’lipli—&-uk

Backward Run: For (k=0; k < K; +k)

j;c—1|K = ]32—1\1(@%?12:11%

a2—1|K = a2—1|k—1 + jk—l(a?c—uK - ai—uk)

Pli—1|K = P12—1|k—1 + Jk—1<Jk71\K - Pii—l\k>J1?—1

(25)

(26)

27)
(28)

(29)

where Eq. (21-29) represents the Bayesian-based FB KF with complete prior information. Also

S; is the covariance of Y% for an i-th sensor. The error covariance and the gain matrices have the

following alternative forms (See Eq. (30-31)):

i\ i iNT i i
Py = (I - KxC) Pl g (I — KiCp)™ + KkRngK,Z’ — (I - K1C))GRpSLKE

— (I = KxC}) GRS KT

Ky = (@kp,;'ﬂ‘kc,f + GSi) (R, + C,’;P,ﬁ‘kaSk)‘l

where By, is the control-input model.

Proof: This is proved in the Appendix.

A. Modified Filter with Complete Prior Information

(30)

€1V

Based on general DNCS dynamic model (9), where Z;, is independent from 7, for ¢ # k, an

optimal linear filter is derived. The following terms are defined to describe the modified Bayesian-

based FB KF.
Ay, = Elog|T}]
P}, = Eleper | Ti]
13 Ellg

a?wuk = E[O‘iﬂrl |73
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i i i i
Pk+1|k = E[€k+1|k€k+1|k|Tk]
Je—1yr = E[Jk—1|T|P1i|k]
a2—1\T = E[ek—1|T|T;@]

Pli—l\T = E[ek—1|T6£—1|T|T;€] (32)

i [y Y R~ i Y ~i
where T, = {1} : 0 <t <k}, exp, = o) — appand € = g — Qg
Suppose there are estimates a,@l , and P,i| ,, from time k. At time k + 1, a new measurement
Z‘ . . . . A'l /L /\Z /L 'l .
Tk—i—l is received and the goal is to estimate Q1)1 and Pk:+1|k+1 from . Pk:|k and Tk+1- First,

@)1y, and P, are computed as:

a;;c+1|k = E[O‘?cH’T;c]

= E[Azozi + ka,i|ch]

Il
=)

g (33)

where fAlz = sez p. Al is the expected value of Az. Here p, = P(Z = z), and 7 is a set of all
possible communication link configurations.

The prediction covariance can be computed for an i-th sensor as:

, , T A
Plf;+1|k = E[€§c+1|k€;€+1|k|T2]

= GrQiGl + ) p APl AL
z€Z
— KGR K+ po A (A — Ag)" (34)
z2€Z

ven A i ~i i . .
Given Q1 and Pk+1|k, Q1|41 and PkJrllkJrl are computed as in the standard KF:

0%+1\k+1 = q’k%ﬂ\k + K1 (Thr — Ck%+1|k) Vi (35)

li+1\k+1 - ‘PkP/iHmCP - ‘bk\k 1Kk+1c Pk+1\k (36)

where Ky, = (<I>P,z+1|k0 + GSk)(C} klkcl +RL)
10



B. Approximating the Filter for Complete Prior Information

The modified KF proposed in Section III. A for the general DNCS is an optimal linear filter, but
the time complexity of the algorithm can be exponential in NV since the size of Z is O(2¥™V=1) in
the worst case, i.e., when all agents communicate with each other. In this section, two approximate
KF methods are described for the general DNCS dynamic model (6), which are more computation-
ally efficient than the modified KF by avoiding the enumeration over Z. For an i-th sensor, since
the computation of P; Fk is the only time-consuming process, two filtering methods are proposed
which can bound P,i ke The notation A, > 0 is used if A, is a positive semi-definite matrix and
A, > 0if A, is a positive definite matrix.

1) Ib-KF: Complete Prior Information Case : The lower-bound KF (1b-KF) for an i-th sensor
is the same as the modified KF described in Section IIL.A, except P} Fk is approximated by P’ +|k

and P,i| Y BZI - The covariances are updated as (See Eq. (37-38)):

Pip = APy AL + GhQuGY — K, R K, (37)

BZ—H\I@—H = CDkEHHk - q)klkfIKk-&-lCIiBic-i-l\k (38)

where A, is the expected value of A, and K,,, = 1Ly 1 Ch (CLPCl + R )™
Notice that A\Z can be computed in advance and the 1b-KF avoids the enumeration over Z.

Lemma IIl.1: 1f Pi‘k < P,i|k, then BZH\;@ < Pli+1|k'

Proof: This is proved in the Appendix. |

Lemma II1.2: 1 Py, < P}, then Py . < P

+1lk+1°

Proof: This is proved in the Appendix |
Remark I11.1: Finally, using Lemma III.1, Lemma III.2, and the induction hypothesis, the
following theorem showing that the Ib-KF maintains the state error covariance, which is upper-

bounded by the state error covariance of the modified KF can be obtained.
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Theorem I11.2: 1f the Ib-KF starts with an initial covariance P0|0’ such that Po\o < Pgm, then
k‘k < Pk|k for all £ > 0.
2) ub-KF': Complete Prior Information Case : Similar to the 1b-KF, the upper-bound KF (ub-KF)
approximates P, ;. by ?Z‘Hlk and Py, by ?;qk- Let Mnaz = Amaz (F,;‘k) + Amaw(a;;'kaﬁk), where
Amaz(S) denotes the maximum eigenvalue of S. The covariances are updated as following (See

Eqn. (39-40)):
Bl T 7 B L F =i =il JT T
]_D;c+1|k+1 = (I)F;c—&-uk - Q)Fk—i-loliF;H-Hk (40)

where A, is the expected value of ©, and K, = (OP 1k Ch + GkSk)(C};FZHMC,iT +R.,)N
In the ub-KF, E[AZAZ] can be computed in advance but computation of )\, is required at each
step of the algorithm. However, if the size of Z is large, it is more efficient than the modified KF'.
Lemma I11.3: If for an i-th sensor, Pk|k > Pk‘k, then Pk+1|k > Pk+1|k
Proof: This is proved in the Appendix. |
Remark I11.2: Using Lemma III.3, Lemma III.2, and the induction hypothesis, the following
theorem is obtained. The ub-KF maintains the state error covariance which is lower-bounded by
the state error covariance of the modified KF.
Theorem I11.3: 1f for an i-th sensor, the ub-KF starts with an initial covariance Fg‘o, such that

P0|0 > P for all k£ > 0.

0|0*

then Pk|k > Pk‘k

3) Convergence : Theorem II1.4 shows a simple condition when the state error covariance is un-
bounded.

Theorem II1.4: 1f (E[A.]”, E[A,]TCi") is not stabilizable, or equivalently, (E[A.], CiE[A.)])
is not detectable, then there exists an initial covariance Pé\o such that P,ﬁ| . diverges as k — oo.

Proof: This is proved in the Appendix. |

1 1t should be noted that the computation of \nq. requires a polynomial number of operations in N while the size of Z can be
exponential in V.
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IV. BAYESIAN-BASED FB KF FUSION WITH INCOMPLETE PRIOR INFORMATION

In practice, prior information of some but not all the components of & are available. For
example, when tracking the positioning of a vehicle it is easy to determine the prior position vector
of the vehicle (it must be within a certain position range) with certain covariance, but not the
velocity of the vehicle, i.e. at what speed it is traveling. Such an incomplete prior problem is
addressed in this section using Bayesian-based FB KF. Theorem IV.1 presents the Bayesian-based
FB KF with incomplete prior information for an -th sensor:

Theorem IV.1:

Forward Run: For (k=0; k < K; +k)

Q= VEV ajy + VKR [T}, — 7] (41)
Qe = VERVT )+ VKT — VGV (42)
Py = KxCLPly 43)
Ky = Cj [I = Py (T = L0y ) (P ) (I =GR ) ] (44)
K=K+B"(I-cicih) (45)
Pli+1|k = ZQZGZT — KyR. K[ (46)

Backward Run: For (k=0; k < K; +k)

jkfllK = ﬁé—l\KqD;}F(ﬁlz—uK)_l 47)
Q1 = Qg1 + Jh1 (@i — Qi) (48)
Pli—1|K = Pli—l|k:—l + kal(Jk—l\K - Pé—l\k)Jg—l (49)

where By, is any matric of compatible dimensions satisfying [(P,im_l)%]T(I — CiCiINB, = 0,

(P,j‘ k_l)% is any square root matrix of P,§| +_1- The optimal gain matrix K is given uniquely by:

K=K=C}'[I-Pl_(I-CiCi)2((I-CiCy )2
13



Pl (I - CiCis) (I - Cicih)? | (50)

if and only if [C}, (P +_,)2] has full row rank, where (I — CiCi")2 is a full-rank square root of
T'. Note that variables are derived according with condition of (', as full row rank.

Proof: This is proved in the Appendix. |

A. Modified KF With Incomplete Prior Information

In this section, the case with incomplete prior information is outlined. The modification of the
KF is focused towards the prediction covariance computing of that case. The prediction covariance

when dealing with incomplete prior information is (See Eq. (51)):

. . .T .
Ii+1|k = E[€2+1|k62+1|k‘T2]
T ' T ~i  ~iT ayva
= GLQiGY — K,RL K+ " p.©.0},05,(0. — 0) (51)
z€Z
And here also, given &, 4y and P} s a, L1k and P} 4141 are computed as in the standard

KF (See Eq. (52-53)).

Qpy 1o = K1 [Thyy — 2] (52)

pli+1\k+1 - KkJrlCIipli-&-l (53)
where Kk+1 = CN(,Z: [[ - ]512+1|k<[ - é}iéliT)(Plz+1\k)]

B. Approximating the KF for Incomplete Prior Information

Likewise in Section B, since the computation of P} 1k is the only time-consuming process,
two filtering method is proposed to bound P} ke The same notations have been followed as in
Section B.

1) Ib-KF': Incomplete Prior Information Case : The lower-bound KF (Ib-KF) is the same as

the modified KF described in Section IV.A, except P} 1k is approximated by P!, 41> and Pkf| i DY
14



P}, ;.- The covariances are updated as:

P = GrQiGY — K RL K} (54)

€,

i i pil
£k+1\k+1 = VKk+1Ck_Pk+1|kVT (55)

where K | = é’fj [l — EZH\k(I - éliéliT)(E;HIk)'

Lemma IV.1: IfB}ﬁk = P,ﬁ‘k, then BZH\;@ = Pli+1|k'

Proof: This is proved in the Appendix. |
2) ub-KF: Incomplete Prior Information Case : Similar to the 1b-KF, for an i-th sensor,

the upper-bound KF (ub-KF) approximates P}, by ﬁ; L1, and Py, by ﬁ;‘c‘k. Let A\pae =

+1[k
)\max(ﬁz‘ p) Amm(a;;l k@};k), where \,,q.(S) denotes the maximum eigenvalue of S. The co-

variances are updated as following:

P = MacE[AAT) + KR K (56)
ﬁcﬂ\kﬂ - Kk+lcliﬁ;+l|k (57)

where F;H =Ci"[I - F;Hl,ﬁ(l — C*,ié,f)(ﬁzﬂ‘k). In the ub-KF, E[A, AT] can be computed in
advance but computation of \,,,, is needed at each step of the algorithm.

Lemma IV.2: Ifﬁjqk > P then ?Zﬂ‘k > Pl

Proof: This is proved in the Appendix. |
Using Lemma IV.2, Lemma III.2, and the induction hypothesis, the following theorem is ob-
tained. The ub-KF maintains the state error covariance which is lower-bounded by the state error
covariance of the modified KF.
Theorem 1V.2: 1f the ub-KF starts with an initial covariance F&O, such that F&O > Pé\o’ then

ﬁ;\k>Pi

= Py, for all £ > 0.

3) Convergence : The convergence will same as followed in Theorem I11.4.
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V. DISTRIBUTED FILTERING FUSION

Define n-dimensional master observation variables as:

masterk - Cmaster kRmaster kTmaster,k7
maiter C'master k Rmaster k Cmaster,k (5 8)

and n-dimensional local observation variables at sensor ¢ as:
Ly=Cy Ry Y}, I,=C} Ry 'C} (59)

where [ stands for information matrix. When the observations are distributed among the sensors,
see Eq. (2), the master information filter can be implemented by collecting all sensor observa-
tions at a central location, or with observation fusion. This is achieved by realizing that master

observation variables in (58) as [27]:

l l
Imaster,k = ZL‘JW k > Oa Imaster = Z]z (60)
i=1 =1

Considering the same domain and ignoring the risk of introducing additional process errors
during the domain transformation, let Pager k| be the updated a — posteriori estimate covariance
matrix and Ppaser k-1 be the predicted a — priori estimate covariance matrix collected from the
master filter at k-th time instant. Also, Pager,0j0 1S the initial error covariance for the master filter.
Then the master filtering measurement updates can be given by this alternate information form

(See proof [28]):

1 ~ _
Pmaster K|k amaster klk — Pmaster,k|k— 1@master,k|k—1 + master RmasterTmaSter,k
— T _
P master,k|k = P, master,k|k—1 + Cma%terRmasterOmaSter (61)

1) Convergence of the Distributed fusion : The master error covariance matrix and the estimate

are given in terms of the local covariances and estimates by

l
Pmasterk\k P master,k|k—1 + E : Pk|k 1 Pk|k)

=1
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N
G = p! a +> (P, a
aster, k |k “master,k|k = 4 magter, k| k—1“master,k[k—1 klk “YE|k

=1
1

—Pljm1 i) (62)
Proof: Proof follows by noting that the master estimate is given by:

-1 ~ _ p-1 ~ T -1
Pmaster7k|kamaster,k|k - Pmaster’k“c_1amaster,k|k—1 + CmasterRmasterTmaster,k

-1 _ p-1 T -1
Pmaster,k|k =P master,k|k—1 + CmasterRmasterCmaster (63)

. . . T —1 T -1
Since Rpaster 18 block diagonal, the terms C},qer Rmaster L master,k ANd Cgior Fmaster Cmaster ar€ decom-

posed into the sums

N
T —1 _ ’iT i—LlAni
Cmaster FimasterTmaSter7 k — E C" R T k

=1
N
err;asterRI;isterCmaSter = Z CiT Ri_l Cl (64)
=1

Noting for the ¢-th sensor, the estimate and the error covariance are given by
Pz'—lAz‘ _ Pi_l ~i OiTRi_lTi
Kk Okl = Lhj—1Qgp—1 T k

pl =Pl 4+ CTR(C (65)

master,k|k master,k|k—

V1. EVALUATION AND TESTING

The evaluation and testing are conducted using a coupled tank system at Control Systems
Laboratory, Systems Engineering Department, King Fahd University of Petroleum and Minerals

(KFUPM).

A. Experimental Setup and Process Data Collection

The data for the bench-marked laboratory-scale two-tank process control system was collected

at a sampling rate of 50 milliseconds. Process data was generated through an experimental setup as
17



shown in Fig. 2. The prime objective of the bench-marked dual-tank system is to reach a reference
height of 200 ml of the second tank. During this process, several faults were generated such as
the leakage faults, sensor faults and actuator faults. Leakage faults were introduced through the
pipe clogs of the system, knobs between the first and the second tank, drainage knobs etc. Sensor
faults were applied by introducing a gain in the circuit to imitate a fault in the level sensor of the
tank. Actuator faults were also evaluated using the motor and pump. A Proportional and Integral
(PI) controller was applied in a closed loop configuration to reach the desired height of the second
tank. Due to the inclusion of faults, the controller was finding it difficult to reach the desired level.
For this reason, the power of the motor was increased from a scale of 0 to 5 volts to a scale of 5
to 18 volts in order to provide it with the maximum throttle to reach the desired level. In doing so,
the actuator performed well in achieving its desired level, but it also suppressed the faults of the
system. This made the task of detecting the faults even more difficult. After the collection of data,
techniques such as settling time, steady state value, and coherence spectra can be used to give an
insight of the fault.

In this paper, leakage fault was considered. Hydraulic height and liquid output flow-rate of the
second tank are the inputs while leakage fault level on a discrete scale of 1 to 4 was the considered

output. Data was collected by introducing leakage fault in the closed loop system.

B. Model of the Coupled Tank System

The two tanks of the coupled tank system are joined together by a network of pipe. The
leakage was simulated in the tank by opening the drain valve. A DC motor-driven pump supplied
the fluid to the first tank and a PI controller was used to control the fluid level in the second tank
by maintaining the level to a specific threshold as shown in Fig. 3.

For the model of the coupled tank system [29], a step input was applied to the DC motor-

pump system to fill the first tank. The opening of the drainage valve generated a leakage in the
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Fig. 2. A — The two tank system interfaced with the LABVIEW through a DAQ and the amplifier for the magnified
voltage , B — The LABVIEW setup of the apparatus including the circuit window and the block diagram of the
experiment.

tank. Liquid height in the second tank Hs, and the inflow rate (); of various type of leakage faults
were measured. The National Instruments Labview package was employed to collect these data.
The cascade connection of a DC motor and a pump relating the input to the motor u and the

flow ); can be expressed as a first-order system:

where a,,, and b,,, are the parameters of the motor-pump system, ¢,, is a dead-band and saturation

type of nonlinearity and (); is the rate of change of input flow. It is assumed that the leakage (),
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occurs in tank 1 and is given by:

Qo= Cao/29H, (67)

where Cy, is the discharge coefficient of the leakage valve in tank 1, H; is the liquid height in the
first tank and g = 980 cm/sec? is the gravitational constant. With the inclusion of the leakage, the

liquid level system is modeled by:

AvHy = Qi — Cap (Hy — Hy) — Caatp (H,) (68)

AyHy = Capp (Hy — Hy) — Caeip (Hy) (69)

where ¢(.) = sign(. W ), Qv = Caap (Hy) is the leakage flow rate, Qo = Cy. (H2) is the
output flow rate, A; and A, are the cross-sectional areas of the two tanks, Cy, and Cj,. are the
discharge coefficient of the leakage valve in tank 2 and output valves respectively.

The model of the two-tank fluid control system, shown in Fig. 3, is of a second order and is
nonlinear with a smooth square-root type of nonlinearity. For design purposes, a linearized model

of the fluid system is required and is given below in (70-71):

hy = b1g; — (a1 +7) by + a1 hy (70)

ha = ashy — (az — ) ho (71)

where hy and hs are the increments in the nominal (leakage-free) values to heights HY and HJ.

Parameters v and  indicate the amount of leakage and output flow rate respectively, where v =

_ Cia and 6 — &_ Also bl — ALl’ a = __Ca and as = a; + Cac

24/2gHY 24/2gHY 2g(HY—HY) 24/2gHY"

A PI controller, with gains &, and k7, was used to maintain the level of the tank 2 at the desired

reference input r as:

Zt3:€:7“—h2 (72)
u=kpe+krzs
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where 73 is the rate of change of error, r is the reference height of tank 2 .i.e. 200 ml and A, is the
height of the tank 2 achieved and w is the control input. The linearized model of the entire system

formed by the motor, pump, and the tanks is given by:

a=da+I'r T =Cu« (73)
where
[ hl | [ —ap — 7 aq 0 b1 |
h —ag — 0 0
o= 2 D= a2 as — f3 ’
T3 —1 0 0 0
(74)
qi _bmkp 0 bmkl —Qm

P=[0 01 buk, | . C=[1 0 0 0
Here ¢;, q¢, qo, h1 and h are the increments in Q;, Q, Qo, HY and HY respectively. The parameters
a; and ay are associated with linearization of the liquid level model. Variables v and 3 are the
leakage and output flow rate, respectively. Thus, g, = vh; and gy = SBhs.
Remark VI.1: During the implementation process, sign(.) can be approximated with arc tangent.

A relationship for approximation can be expressed as follows:

sign(x) = arctan( ), where a < 1 (75)

o
V1—a?
C. Evaluation Results

Experimental results of the proposed distributed approximate estimation with two cases of
prior knowledge are presented in this section. The experiment were performed on the coupled
tank system [29]. Firstly, the data collected from the plant was initialized and the parameters were
later optimized. This comprised of the pre-processing and normalization of the data. Secondly, a
networked control system with wired communication was developed in a Matlab environment as

shown in the Fig. 1. In the simulation, the performance of the modified KF algorithms developed
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Fig. 3. Process control system: A lab-scale two-tank system

was studied for types of prior information against the standard Bayesian-based Kalman smoother,
which assumed no communication errors. Subsequently, results demonstrating the effectiveness
of the Ib-KF and ub-KF are presented. For each test case, the modified Bayesian-based KF was
compared with the standard Bayesian-KF. The comparisons were shown for various cases. More-
over, the time computation of state estimates was made and the results were shown in Table I and
II respectively.

Remark VI.2: It should be noted here that height sensor in coupled tank setup has been inter-
facted with Labview for the purpose of data fusion as shown in Fig. 2 Moreover, the potency of the
leakage fault i.e small, medium or large is being defined with the help of the leakage knobs facility
between the two tank tanks and drainage as shown in the main diagram of Fig. 2.

1) Leakage Fault: Estimates and Covariance Comparison with Complete and Incomplete prior
Information Cases

The Bayesian-based FB KF was evaluated to address the leakage fault of the plant. Simulations
were made for the a-estimate and the covariance of each case. Comparisons of various levels of
leakage i.e. no, small, and medium intensity of leakage faults, and distributed estimation results
are shown in Fig. (5-12).

For complete prior information situation, it is observed that the covariance (see Fig. 4) and
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the estimate (see Fig.5) of the distributed structure is clearly performing well as compared to
the other profiles. Similar performance is seen for the covariance and estimate of modified filter
implementation with ub (see Fig. 6 for covariance of ub scheme and see Fig.7 for estimate of ub
scheme) and Ib (see Fig.8 for covariance of Ib scheme and see Fig.9 for estimate of 1b scheme). The
advantage of using the modified upper and Ib filters is distinctly illustrated in the time computation
comparison and mean square error (MSE) as discussed in the next Section.

For incomplete prior information scenario, it can be seen for the estimate profile (see Fig.
10) that the distributed structure is clearly performing well as compared to the other profiles. In
addition, the covariance and estimate of the modified filter implementation with ub (see Fig. 11) are
performing equally well for distributed structure. Other estimates shown in Fig. 12 also elaborate

the performance of distributed estimation and estimation of the modified filters. 2

D. Time Computation and MSE

In this section, the time computation and MSE of different methods is discussed. They were
employed for calculating the estimates and covariances of the state with complete prior and incom-
plete prior information. An equal number of 5 iterations were performed for achieving each and
every of the estimate.

For the case of complete prior information (See Table I), the iteration time of the basic
Bayesian-based FB KF is taking the maximum number of time for the computation despite of
its optimal structure as compared to the regular KF. On the other hand, the modified versions of
ub and Ib filters are performing well in time computation for the leakage fault. More precisely, the
performance of distributed version and Ib and ub are shown in Fig. 13-15, where the performance

of distributed version and modified filters is quiet visible.
2 Fig. 4-12 shows the comparison of estimates and covariance for types of a — priori information cases. In all these figures

x-axis shows the number of observations taken at a sampling rate of 50 milliseconds of time, and y-axis shows the a-estimate
which presents the estimate of a particular state.
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TABLE I
CASE I: TIME COMPUTATION COMPARISON FOR COMPLETE PRIOR INFORMATION

Types of Filters | Bayesian FB KF | Bayesian FB KF with ub | Bayesian FB KF withIb |
Time computation (sec) | 15.707692 | 12.656498 | 12.993867 |
TABLE 11

CASE II: TIME COMPUTATION COMPARISON FOR INCOMPLETE PRIOR INFORMATION

Types of Filters | Bayesian FB KF | Bayesian FB KF with ub | Bayesian FB KF with Ib |
Time computation (sec) | 13.451193 | 12.996375 | 11.915037 |

For the case of incomplete prior information (See Table II) the basic Bayesian-based FB KF
is taking comparatively more time as compared to the modified versions of 1b and ub filters. The

performance of the modified filters was consistent even with a leakage fault.

VII. CONCLUSIONS

In this paper, a distributed approximate estimation scheme was proposed. It was being devised
using Bayesian-based FB KF for a singular stochastic linear system. Two test cases were consid-
ered for approximate estimation, with 1) complete a — prior: information 2) incomplete a — prior:
information. The proposed scheme was able to minimize the time complexity with conditions of
showing dependency on a — prior: knowledge. Moreover, the performance was enhanced by using
a distributed filtering architecture. The proposed scheme was evaluated on a coupled tank system
using various fault scenarios. It ensured the effectiveness of the approach under different a — prior:

knowledge cases.

APPENDIX
A. Proof of Theorem III.1

For an i-th sensor linear estimation of o using data Y% with linear model Y% = Cia} + vy,

the prior information consists of &j, and 7, and C, = cov(ay), Cy, = cov(vy), and Cyi,, =

cov(ad,vg). It should be noted that the prior information mean the a — priori information about
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i PR i %
ay, thatis ag, ¢, ,and C;, , .

For the dynamic case, as in KF,
aje = Ela | T3] = (@17

» , L .
= &} + Ci,y, CY, (T, — Th), i = Elo]

, " S T

Pzi\k = MSE(O@/k) =E[(a} - am)(az - 04§c|k) ]

— o Ot 0T

where C’%Fk is the Moore-Penrose pseudo-inverse of C. , which equals C'y| whenever Cy" exists.

k k
With few exceptions, however, it is unrealistic since its computational burden increases rapidly

with time (method for decreasing time computation complexity is applied in the next section using
modified KF functions of ub and 1b.

Ak = Elog [T = Elog | Ty, Ty )" = Gy + K Thges

Pli\k = MSE@ZW = MSE(aZ|k71) - KkCli 72|k71KkT
where dj, = aj - @y K =Cai 5 Ch  Thy = Th- BT |15 )"

~1 7 ~q
ak\k—lTk|k—l Oplk—1

Let A= Pk’;‘ . and @} = (. Equation (31) follows from the following:
(CPiCi +A)(Ci+CLA) ™
= {C[C}, — (CLCF + A (CICLCL +Cl+CLA+(CLA)T) ™
(GO + ATICE + AMCL 4 CA) T
= (CCu+CL + AT — (CLC,CL +Cl+ CLA+ (CLA)T) !
- (GLCCY + (CLAD(CL+CLA) ™
= (CCLCE + A)(CLCLCi + CL+ CLA+ (CLA)T)
- (CL+ CLA)(C + CrA) !

= (CCLC + A)(Cr+CLA)!
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B. Proof of lemma IlI.1
Using (34), the following can be achieved
Pli—&-l\k —_Z+1|k = E[Azpliug/g] +E[A, a;dkag\kA ]
- @@Zw@ﬂkﬁf - "/4\222\1«21? — KR, K + KR, Ky,

~

where P, = E[A. P} AT|— AP}, AT — K\ R , K, and P, = E[A. 007, AT] - A, a0l AT +
KkRékKk-
If P, > 0and P, > 0, then Pk+1\1c k+1\k >0
P, = B[A. P} AT - APy AT — K\ R (K} — AP} AT + A, P}, AT
= E[A. P} AT] - AP} AT + A.(Pjy, — Pi) AT — K\ RL K} (77)
Since P,j| . s @ symmetric matrix, Pki| ., can be decomposed into Pki| . =U1D U], where Uy is a

unitary matrix and D, is a diagonal matrix. Hence,
= E[(A.U:D}") (4.0 D}*)"] — E[(AUL DY) [E[(A.U D))
+ A\Z(Pli\k Pk;\k;)A - K R K},
= Cov[(A.U\Dy"] + AZ(pli\k —Bc\k);g — KR, K, (78)
where Cov[C}] denotes the covariance matrix of C}. Since a covariance matrix is positive definite

and Pk| - Bkl = 0 by assumption, P, > 0. P, is a covariance matrix since Vg | OV, 18 symmetric,

hence P, > 0.

C. Proof of lemma I11.2

Here, matrix inversion lemma will be used which says that (A+UCV )™ = A1 - A7IU(C~ 1 +
VAT'U)'WVA™! where A, U, C and V all denote matrices of the correct size. Applying the ma-

trix inversion lemma to (36), P,CH‘,CJrl (P,zH'k +cif R, "Ci)~is obtained. Let P = P,iH'k and
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P=P,  Then P> P = P7L < P! Also, P'+ C{'RL /Ci < P™' + C}' Rl C} = (P!

+CI' R CH™ > (P + Cf RL, CE) 7Y Thus,
Piier1 = Prapen (79)

D. Proof of lemma IIl.3

Let M = a;‘ﬂ ,ﬁ;f‘k and / be an identity matrix. Then using (34), the following is obtained

ﬁc\k - Pli\k = )‘maxE[AzAZ]
- KR, KT+ KR, K,
= E[A: (A (Piyp) I = Piy) A7)
+ E[Az(/\maa:<M)I - M>AZ]
i T | 77 Pt 7ol

€,

Since, ﬁ;dk > P and Apar (S)T — S > 0 for any symmetric matrix S, ?ﬁc‘k — Pl >0.

E. Proof of theorem II1.4
Let us consider the Ib-KF. Let Py, = Py, ¢ = Gy QG A, =E[A,),and ® = —(Ci A, PLATCI" +
CipCl + RL,) ™ (Crtp + CLA, PLOT).
Then based on Riccati difference equation [30], P, ,, can be expressed as:
Piy = APLAT + ¢ = 9" (GAPLAIC] + Ciu Gy + RL,)F
= (AT + ALC{F) Py(AT +AIC @) + T (GG + Ry )2+ C; @
+ @TCly + 4 (81)

Hence, if (AT + ATCi" ®) is not a stability matrix, for some P} < Bjo- Pi diverges as k —

oo. Since the state error covariance of the Ib-KF diverges and BZ‘ e < Pkf' . for all & > 0 (Theorem
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11.2), P}, diverges as k — oo. Here P}, canbe &P}, ,, &} — KyC} P}, for ‘complete’ prior

case and K kC,iP,jl 1 for ‘incomplete’ prior case respectively.

F. Proof of theorem 1V.1

By explanation of By, the problem can be considered for incomplete prior information with C,
and C} replaced by the é,i and C‘,i respectively, where, from the proof of Theorem IV.1, the estimate
is u = VT ay, where V is an orthogonal matrix. This means that Theorem IV.1 is applicable now

to u. Therefore:
a = Vi, P = VMSE@)V"
The uniqueness result thus follows from Theorem IV.1.

G. Proof of lemma 1V.1

Using (51) gets

i i _ ~ AT 4T i 7T
k1l — Lht+1k = E[Azaklkak\kAz] - KPJCRe,ka,k

A~ AT AT i T
- Azak“fak\kAz +Kp,kﬂ k:Kp,k

€,

=P+ 5 (82)

_ i T _ ~ AT AT 1~ AT AT i T
where Py = — K, I, , K, and P, = E[Azozmak‘k/lz] — Azak‘kamAZ — K, B K

Since P,ﬁlk is a symmetric matrix, P,Z;VC can be decomposed into P,Z;VC = U, D,UT, where U, is a

unitary matrix and D, is a diagonal matrix, but here there is no Pg" . for Pp.

H. Proof of lemma IV.2

Let M = aj, k&g‘ . and I be an identity matrix. Then using (51) gets

?Z\k - Pli|lc = E[A:(Amaa(M)T — M)AT] + fAlefo +Fp7k}_%i,kfz,k
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— KppRL KL+ GrQuGlL (83)

Since, ﬁ;dk > P,i‘k and \0.(S)I — S > 0 for any symmetric matrix S, Fﬁdk — P]j‘k > 0.
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